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ABSTRACT. The P(7,a, #)—pair defined in this paper is a class
of matrix pair which is broad enough to include P*—matrix
as special case. We construct a combined homotopy equation
for the horizontal linear complementarity problem, prove the
existence, boundedness and the convergence of the homotopy
path, which is from any interior point to the solution of the
problem, under a condition that the matrix pair is P(7,«, )
pair. Numerical examples show that this method is feasible and
effective.
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1. INTRODUCTION

In this paper, we will study the following horizontal linear com-
plementarity problem(HLCP): finding a vector z € R™ such that
Mz —Ny+q=0, x>0, y>0and 2’y = 0, where M, N are
n X n matrices, ¢ € R" is a vector. If N = E, where F is iden-
tity matrix, the horizontal linear complementarity problem reduces
to the linear complementarity problem, that is, to find x > 0, such
that y = Mz + ¢ > 0 and 27y = 0.

The horizontal linear complementarity problem(HLCP) is a class
of impotent complementarity problems. There are many methods to
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solve horizontal linear complementarity problem, Roman et al. [1]
have generalized the w-properties. zhang et al. [2] have given the
s-type error bound for the horizontal linear complementarity prob-
lem. Frede et al. [3] have introduced the infeasible path following
algorithm for the horizontal complementarity problem. Monteiro
et al. [4] have studied the monotone horizontal linear complemen-
tarity problem. Stoer [5] has given high order long-step method
for monotone horizontal linear complementarity problem. Liu et
al. [6] and Filiz et al. [7] have given the iteration complexity of a
higher order corrector-predictor interior-point method for the suffi-
cient horizontal linear complementarity problem. However, all those
methods as mentioned above need the condition that the solution set
is nonempty and few attempts have been done on using homotopy
method to solve the horizontal linear complementarity problem. The
objective of this paper is to construct a homotopy equation for the
horizontal linear complementarity problem, give the solvability of
the horizontal linear complementarity problem with P(7,«, (3) ma-
trix pair.

Throughout the paper, all vectors are column vectors, the vector
(27, y")T € R™x R™ is usually abbreviated by (z, y) and superscript
T denotes the transpose of a vector. For any x € R", we denote by
||| the Euclidean norm of x, by x; the ith component of =, we
denote by R (respectively, R ) the space of n—dimensional real
vectors with nonnegative components(respectively, positive compo-
nents). When x € R} (respectively, R} ), we also write z > 0(respectively,
x > 0) for simplicity. H'(w) denotes the Jacobian matrix of the
H(w). Let L={1,2,--- n}.

The organization of the paper is as follows. In section 2, we intro-
duce some definitions and some basic preliminaries for the horizontal
linear complementarity problem (HLCP) that will be utilized in the
paper. In Section 3, we construct a homotopy equation for the HLCP
and obtain the solvability of this problem. Some numerical examples
are given to show the effectiveness and feasibility of this method.
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2. PRELIMINARIES AND DEFINITIONS

We first introduce three lemmas from differential topology which
will be used in the following discussions.

Let U C R™ be an open set and let ¢ : U — RP be a C* (a >
max{0,n — p}) mapping. We say that y € RP is a regular value for
o, if

0¢(x)

Range [ o

} = RP, Vo € ¢ (y).

Lemma 2.1. (see/9]) (Parameterized Sard Theorem on smooth man-
ifold) Let V .C R", U C R™ be open sets, and let ¢ : V x U — RF
be a C* mapping, where a > max{0,m — k}. If0 € R* is a reg-
ular value of ¢, then for almost all a € V, 0 is a regular value of

Gq = (b(CL, )

Lemma 2.2. (see[10]) (The inverse image theorem) Let ¢ : U C
R" — RP be a C* (a > max{0,n — p}) mapping. If0 € RP is a
reqular value of ¢, then ¢~1(0) consists of some (n — p)-dimensional

C% manifolds.

Lemma 2.3. (see/10]) (Classification theorem of one-dimensional
smooth manifold) One-dimensional smooth manifold is diffeomorphic
to a unit circle or a unit interval.

The following matrix pair has been extensively used in the litera-
ture to ensure the solvability of the HLCP.

Definition 2.4. (see[2,5])The pair(M, N) is said P pair, if for any
u,v € R", u+# 0, Mu— Nv =0 implies

ufv > 0.

This matrix pair is called the X —column monotonicity with re-
spect to R" by Jianzhong Zhang, Naihua Xiu in [2]. This matrix
pair is also called monotone by Josef Stoer in [5].
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Definition 2.5. (see[6,7]) The pair(M, N) is said P, (k) pair, if for
some scalar kK > 0, Mu — Nv = 0 implies
(1+4k) Z wU;V; + Z uzvz>0
i€l (u,w) el

for any u,v € R", where
I (u,v) = {i|luv; > 0}, I (u,v) = {i|uv; < 0}.

We say the horizontal linear complementarity problem is a P, (k)
HLCP, if the pair (M, N)isa P.(k) pair. Inthecase N = E, (M, E)
is a P,(k) pair if and only if M is a P,(x) matrix, that is

(14 4r) Z wi(Mu); + Z wi(Mu); >0,
1€l (u) iel_(u)
forue R", I (u) = {i € Llu;(Mu); >0}, 1_(u) = {i € Lju;(Mu); <
0}. If (M, N) belongs to the class P, = |J Pi(k), then we say

k>0

(M, N)is a P, pair and HLCP is said a P, HLCP.

Example 2.1 Let

10 —6 0 2 2 0
M=| -5 -30]|.,N=]1 -10 ],
0 0 1 0 0 1

hence, we have

10u; — 6us = 2v1 + 209

Mu=Nv <& —dUy — Uy = V1 — Vg
U3 = U3
and
ULV = —3U =5 = u2
11 = 1U2, UV = JUIU2, U3V3 = U,

(M, N)is a P, pair with 7 = 1, but (M, N) is not a P pair. In
fact, let (0,3,0)T, we have (vy,vq,v3)T = (=9,0,0)7, max w;v; = 0.

We combine the idea of the reference [8] and definition 2.5 to give
the following definitions 2.6 and 2.7.
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Definition 2.6. The pair(M, N) is said P(7,«, ) pair, if for some
scalar 7 >0, a >0, 0 < <1, Mu— Nv =0 implies

(1+7) Z wv; + Z wiv; > —allul/?
i€l4 (u,v) i€l _(u,v)
for any u,v € R", where
I (u,v) ={i|Mu— Nv =0, uv; >0},
I_(u,v) ={i|Mu— Nv =0, uv; <0}
Clearly, a P,—pair must be a P(1,a, ) pair.
Lemma 2.7. If the pair (M, N) is a P-pair, then (M, N) is a P
pair.
Proof. Let B = {(u,v) € R""|||(u,v)| = 1}, if the pair (M, N) is
a P-pair, from Definition 2.4, Max u;v; > 0 for any u, v satisfying
Mu — Nv = 0. We define a multivariate function:
Z u;v;
QO(U,U) - R R,gp(wv) Z Z UiV > O
i€l (u, v) i€l (u,w)
hence, ¢(u,v) is a continuous function, for any (u, v) # 0, there
exists a constant 7 > 0, such that, for any (u, v) € B,
-7 < |Q0(U,U)| < T,

i.e. for any (u, v) € B,

n
E U;V; 2 —T E U;V;.
i=1

i€ Iy (uw)
Rearranging the terms
(1+7) Z U;V; + Z u;v; > 0.
€14 (u,w) iel_ (u,v)
For any Mu — Nv = 0, 0 # (u, v) € R let & = 2,0 =
H(UUT)H’@’{)) € B, so we have

(1+7) Z uvz—i— Z Wi0; >

el (a,0 iel_(a,D)
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Multiplying above inequality both side by ||(u,v)||?, one has

L+7) > awmlwo)*+ D ] (uv)]* > 0.
i€l (D) iel_(a,d)
Noticing
I (a,0) = Ii(u,v),[_(a,0) = I_(u,v),
hence, we have

(1+7) Z w;v; + Z w;v; > 0.

1€l (u,v) 1€l (u,w)

O

Definition 2.8. A matrix M is called a P(7, o, ) matrix, if for any
r € R"™, there exists positive scalars 7 > 0, a >0, 0 < 3 < 1, such
that

L+7) > m(Ma)i+ > a(Mz); > —allz||’,
i€l (z) iel_(x)
where I, (z) = {i|z;(Mz); > 0}, I_(x) = {i|z;(Mz); < 0}.
Remark 2.9. If N is nonsingular, the pair (M, N) is a P(7, «, 3) pair
if and only if N™'M is a P(7, o, ) matrix.

We make the following assumptions for the horizontal linear com-
plementarity problem:

H1 There exists £ > 0,y > 0 such that Mz — Ny + q = 0;
H2 The pair (M, N) is full row rank, without loss of generality,
we assume that IV is invertible.

3. MAIN RESULTS

For any z(® € R" +,y €R++,l

w=(r,y), X = diag(x) =
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We construct a homotopy equation as follows:

(1—p)(Mz+q) — Ny + uNy©
(1) H(w,w pu) = ( Xy — X OO =0.

Where w = (z,y), w©® = (20, 4©O).
When p = 1, equation (1) becomes

N=y+v2) \ _,
Xy — XO0yO |

and it has a unique solution. When p = 0, equation (1) becomes

Mz —-Ny+q | 0
Xy -
Obviously, H(w©®,w® 1) = 0. For given w® € R", x R, we also
write H(w,w®, ) in (1) as H o) (w, 1). Let
HZ3(0) = {(w,0) € Y x RY x (0,1] | Hiw,w®, 1) = 0},

Lemma 3.1. If Hi, H2 hold, then for almost all w® € R, x
RY ., 0 is a reqular value of H. The homotopy equation (1) generates
a smooth curve T o) starting from (0,4 1).

Proof. We use H'(w,w®, 1) to represent the Jacobian matrix of H.
Then

H' (w,w, ) = (

For w©® ¢ R}, x R}, we have

oH 0 uN

where F is the identity matrix, then by H2 we have

det <%) = (1 der(N) [0 # 0. (u € (0,1]).

=1

OH OH OH
0w’ 0w’ 9y )7

Therefore, H'(w,w®, 1) is a full row rank matrix. By Lemma 2.1,
we know that 0 is a regular value of H(w,w®, 1) and by Lemma 2.2,
H;(}» (0) consists of some smooth curves. The equation H (w®, w©® 1) =
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0 implies that there exists a smooth curve I' ) starting from (w®, 1).
U

Lemma 3.2. For a given w® € Ry x RY ., if 0 is a reqular value
of H and the pair (M, N) is a P(T,«, 3) pair, then T o) is a bounded
curve in R x R x (0,1].

Proof. From (1), it is easy to see that I' o) C R x R} x (0,1]. If
[, is an unbounded curve, then there exists a sequence of points
(2™ y® 1) € T o, such that [|[(x®), y®) )| — oo as k — oo. If
|z || — oo, from equation (1), we have

(2) xgk)yz-(k) — W?’yf“ =0, 1€ L.

It follows immediately from (2) that xl(k) >0,y >0 iel.

7

By the first equality of the homotopy equation (1), we have
(3) —Ny® + (1 — ) (M2™ + ¢) + Ny = 0.
By assumption H1, one has

(1 = pe)(=Ny+ Mz +q) = 0.
Combining (3) and above equation, we have
@ NE® =1 =)y —my) = (1= )M (z® —z) = 0.
Let

k) _ 1
1 — g

("™ — (1= )y — iy,
then by (4), we have
Mu®) — No®) =,

k) (k 1 k - k 7
uf )Uz( )= 1 (9‘3@( - %)[yz( )~ (1 — pax)ys — Mkygo)]
— Mk
and
(@ = z) " = (1= )i — ey
(5) = Mk%('o)yl@ — (1 — )7 + Mkyi(o)]fﬁgk)

_ k _ _ 0
—zy + 5[0 — )7+ ).
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It follows from (5) that, for any i € B = {z|x£k) — o0}, one has

(6) (@ — 2™ — (1= )5 — ] — —o0,

as i ¢ B,

k) - k M °
(@ = 2l — (1= ) = pl”)

(7) < 1Oy + 7 = )7 + )
< 2% + 7,5 + o).

There exists a subsequence of {x(*}, also denoted by {z*}, such
that, there exists some index s and p, for all sufficiently large k, one

has
ulf) = 2% — 7, = max (xl(k) — ;) = max ugk),
1<i<n 1<i<n
(k) (k) _ k), (k) _ L0 ® (e, (0)
Uy = A U = aX g (i =@y — (V=g Gi— ;|-

Combined (6) and (7) and (M, N)is a P(7, «, ) pair, for sufficiently

large k, we have

1 (k) (k) (0)

k) (k . B B
uP k) > min o (@™ — 2™ — (1 = )7 — ™)
k _ k _ 0
= T g%};(:vl( ) — Il)[yz( ) (1 — pw)ys — ,uk;yi( )] — af|u®|?
0) (0 _ 0 B
= —7'171% [‘751(7 )yl() : + Ip(yp + y;(, ))] — oz||x(k) — x“ﬁ
So we have

(k) utHo a8
Vs Z —T ugk) J—

k
u

> T 171;% [wéo>yé0)+jp@p+yéo))] ll®) —z|8
= 2 2 — QT ‘

Ts Ts  —Ts

Multiplying above inequality both side by 1 — p; and noticing

k) _ 1
I

v ("™ — (1 — )7 — ey,
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we have
20,0 = o (0)
i = (L= pu)gs — gt > et et
(8)
(k) _718
— ol — ) ng’“tg@! )
Because
(@ -2y
Hx(k) - x(O)H’g _ ”x(k) - CU(O)HQ ]5/2 _ [z’:1 ]5/2
P (mgk) _ a:go))wﬁ (:pgk) _ xgﬂ))z/ﬁ

o (k 0
Yl -y / X o2
- [Z: b2 < 5
(mgk) . xgo))Q (xgk) _ Igo))l—,ﬁ (mgk) _ xgo))l—ﬁ

hence, lim % = 0, we take the limit in both sides of (8), the
—00 Ts —Ts

left-hand side is less then zero, the right-hand side is equal to zero,
it is impossible. Thus, {z®} is a bounded sequence. From the first
equation of (1) and H2, it is easy to see that {y®} is a bounded
sequence to0o. [

Corollary 3.3. For a given w©® ¢ R}, x R%Y ., if 0 is a regular
value of H and the pair (M, N) is a P, pair, then T ) is a bounded
curve in R x R x (0,1].

Corollary 3.4. For a given w©® € R}, x R%Y ., if 0 is a regular
value of H and the pair (M, N) is a P pair, then T o) is a bounded
curve in R x R x (0,1].

Theorem 3.5. Let H be defined by (1), the pair (M, N) is a
P(7,a, 8) pair, then for almost all W € RY, x R, the zero-
point set H;(}))(O) of homotopy map (1) contains a smooth curve
Lo, which starts from (W, 1). As p — 0, the limit point is
(), y™,0) of T o and (z),y™)) € R" x R% is a solution of the
problem (HLCP).

Proof. By Lemmas 3.1 and 3.2, we know that [' ) is a bounded
smooth curve. Lemma 2.3 thus implies that I' ) is diffeomorphic
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to a unit circle or a unit interval (0, 1]. Notice that
OH B 0 -—-N
wl p=1 ~—\vOo xO

is nonsingular. That means that I' o) is not diffeomorphic to a unit
circle. Therefore, it is diffeomorphic to the unit interval (0, 1]. Let
(W™, 1) be a limit point of T' . Only the following four cases are
possible:

(1) e € [0, 1], | (2, y™)]| — o0

(2) e € (0,1), [|(z™), y™)|| < oo, there exists i € L, such that
z;” =0,0ry"~ =0;

(3) o =1, [|(2™),yM)]| < o0;

(4) pa =0, [|(2, ™) < o0.

Lemma 3.2 implies that case (1) is impossible. The equation H(w®,w(©® 1) =
0 has only one solution (w®,1) € R?, x R"_ x (0,1], which means
that case (3) is impossible. If case (2) holds, then yg*) = 0 and
iy € (0,1), that results in .CEZ(*) = 00, which is impossible. Thus, case

(2) does not hold. So only case (4) holds. O

From Theorem 3.5, we know that for almost all w® € R}, xRV,
the homotopy equation (1) implicitly defines a smooth curve I' ),
which we call the homotopy path. Let s denote the arc length of
[, ), we can parameterize [' o) with respect to s in the form of
following

H{(w(s), p(s)) = 0,
(9) w(0) = w®, u(0) = 1.

Differentiating the first equation of (9) yields:

Theorem 3.6. The homotopy path T ) is determined by the fol-
lowing system of ordinary differential equations with the given initial



12 XIUYU WANG!'™ AND XINGWU JIANG?

values

€.

N——

H(:(O) (w, i) Ej) =0,

[(w(s), ()l = 1,
w(0) = w®, 1(0) =1, 2(0) <0,

=

(10)

and the w-component of (w(s™), u(s™)), for u(s*)) = 0 is a solution
of (HLCP).

We discuss how to trace numerically homotopy path ' 0. A
standard procedure is the predictor-corrector method which used
an explicit difference scheme for solving numerically (10) to give a
predictor point and then uses a locally convergent iterative method
for solving the nonlinear system of equation (9) to give a correc-
tor point. A simple predictor-corrector procedure algorithm can be
found in [11].

We give the following proposition to obtain the positive direction
of the predictor-corrector algorithm in [11].

Theorem 3.7. If T« is smooth, then the positive direction n® at
the initial point w© satisfies
/

H' o) (w®, 1
sign det < w©® ((:;T 1) ) = (—1)*""sign det(N).
Ui

Proof. From

(1—pwM —N —(Mz+q)+ Ny
H o) (w, ) = ( Yy X — X (0)4(0) ’

where Y = diag(y). Let

w=uw =1,
we obtain
_ — (0) (0)
H. o, (W®,1) = Oo ]X (Mz +OQ) :_ e
w yo x(0) — X (0)4(0)

- (),
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where

]\41 c RQnX2n,M2 c R2n><1‘

The tangent vector £©) of T' o) at (w(®, 1) satisfies
0
( M, M, > gé =0,
&

(0)
where €0 € R?",€) € R and €©) = ( EO) ) :

By simple computation, we have &Y = — M, lMgﬁéo), so we have

H' (w9, 1) M, M,
det w ’ = det
(w 60 &

M M\
— det
¢ (-MQTM;T 1 ) 2

M, M, "
— et
¢ ( 0 1+ MIMTM M, >g2

= det(My)EP (1 + MEMTT M M),

By the definition of M;, we have

0 =N n (0)
det(M;) = det ( VO X > (—1)*" det(N Hy

Hence,

e H:;(O)( (0)71)
et ( (€Y )

= (—1)*"sign det(N )Hyz D0 + MIM;T M M,),
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SO we give

H' (w1
sign det < 5(5’)(2)(60 1) ) = (—=1)*"*'sign det(N).
U

We give some examples to show that the method developed is
feasible and effective.

Example 3.1
T
1 2 2 7 10 -1
N=|1256 ||, M=|17 3 0 |,gq=1| —1 ,
2 6 9 20 4 0 1
V1 = UL — U
Mu—Nv=0< < vy = uy+ 3uy
V3 = 0
Thus, the pair (M, N) is a P,-pair with 7 = 3.
A A e e
1 1 1 1 1 1 1
L e

1.0000 0.0000 0.0001 0.0001 2.0001 1.0000 0.0001
TABLE 1. Results of example 3.1

Example 3.2
1 2 2 -6 -2 =2 20
N = 2 5 6 |, M= —-15 -4 -6 |,q= 50 |,
2 6 9 —18 —4 -9 62
V1 = —QUQ
Mu—Nv=0& < vy = -3
V3 = —U3

Thus, the pair (M, N) is not a P,-pair. Indeed, let v = (1 1 1)7,
then v = (-2 —3 —1)T.
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(0) (0) (0) (0) (0) (0)

! Lo T3 Y1 Yo Ys Ho
1 1 1 1 1 1 1
A T

0.0000 0.0000 0.0000 3.9997 5.9994 1.9999 0.0001
TABLE 2. Results of example 3.2

Example 3.3
2 3 4 -6 —23 12 -13 70
N - 0123 M= -5 —-16 8 —6 . 44 ’
001 2 -3 -1 7 =3 23
0001 -2 -4 3 1 8

V1 = U — 2us + 3ug — 4duy
Vg = —Uy + 2Us — U3 + Uy
Mu— Nv=0<« -

V3 = U; — U + U3z — DUy

vy = —2uy — 4us + 3us + uy

Thus, the pair (M, N) is not a P,-pair. Indeed, let u = (1 11 1),
thenv= (-2 —1 —6 —2)T.

(0) (0) () (0) (0) (0) (0) (0)

Ty Ty T3 Ty Y1 Yo Y3 Yy Ho
1 1 1 1 1 1 1 1 1
R U U U U U U

0.0000 0.0000 0.0000 0.0000 4.9996 5.9995 6.9993 7.9993 0.0001
TABLE 3. Results of example 3.3
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